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Lecture 17

Gravity Gradient Stabilization

J TTITUDE motion and its stability under the influence of external torques resulting from gravity gra-

dient are studied. Euler’s rigid body equations are applied, in conjunction with the gravity gradient
disturbance torques, and linearized stability analysis is performed, assuming small roll, pitch, and
yaw displacements of the spacecraft.

Overview

SPIN STABILIZATION and DUAL-SPIN STABILIZATION focused on torque-free motion of a spinning spacecraft,
and that of a platform with a spinning wheel, respectively. In contrast, this lesson takes gravity gradient
torques into account, and aims to perform a stability analysis similar to those previously seen. Via judicious
design, naturally-occurring force fields can be exploited for the purpose of passive attitude stabilization that

requires no power, control laws, sensing, etc.

The following reference frames, shown in Figure 17.1, are used for the pur-
pose of this study:

e 77 inertial frame fixed to (but not rotating with) Earth

e Z0: orbiting frame, with origin fixed to spacecraft, 3-axis towards Earth’s

centre, 2-axis anti-parallel to orbital angular momentum, h

Figure 17.1: Orbiting (O)
and Inertial (I) Frames

e Zp: body-fixed frame, with origin at spacecraft centre of mass

A circular orbit is assumed, with a mean motion of wy = , /u/ r%.
Based on FUNDAMENTALS, the spacecraft’s attitude with respect to the nominal orbiting frame can be
described using a 3-2-1 rotation matrix:

1 (593 —592 691
Cpo = C1(861)C2(56,)C3(6035) = Cpo~1—60"~ |—605 1 56| , 662 |50, 7.1)
00 —66, 1 663

where §61, 05, and §05 are the infinitesimal roll, pitch, and yaw angles, respectively. Small Euler angle ap-
proximations are used in Eq. (17.1).
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The spacecraft’s position and angular velocity (with respect to .%;) can be resolved in .% 5 as:

0 r@d0s 50 0 661 — wodbs
r@=Cpo| 0 | = |-rgit| , w”’ — P9 Cro —wo| = 59,2 — wo (17.2)
—TQ —Ta 0 603 + wpdbq

where Eq. (17.1) is used to replace C o, and assuming a circular orbit, .#¢’s rotation about its 3-axis at a
constant rate of wy (but in the negative 0, direction) and the constant distance of r@ between O; and Op
(butin the negative 0, direction) are used to express wgl and r ¢, the components of the spacecraft’s angular

velocity and position as expressed in Z.

Equations of Motion

Assume the selected body-fixed frame is a principal axes frame; that is, %5 = .#p. Using the diagonal
moment of inertia matrix, I, associated with such a frame, the gravity gradient disturbance torques can be

determined as derived in DISTURBANCE TORQUES:

3
Tgg = %réh'e (17.3)

in which the left-hand side relationship in Eq (17.2) can be substituted to yield:

X

505 505 505 505 (Is — 1,36,
Ty = 3—“(r 50 )XI( 501 ) =302 | —s6,| I|—66,| =3u2 | (L5 — 1)s0 (17.4)
99 = 5 \"® | 7% "® | o = oWy [—oby —06, | = 3wy | (I3 1)002 ol
e -1 —1 -1 ~1 (I — I Al

where wy = /1/ ré owing to the orbit’s circularity assumption is used, and the second order term 6,05 is
neglected assuming small angles. As usual, 11, I3, and I3 are the spacecraft’s principal moments of inertia,
the components of its diagonal I determined for .Zp.

The following observations could readily be made about the gravity gradient torque, 7 44:

* Ithasno (ornegligible) 3-component (yaw), which seems logical since the gravitational force acts along

05 and its resulting torque will be perpendicular to it.

e Its 1- and 2-components (roll and pitch) are proportional to the roll and pitch angles. Having I3 < I

or I3 < I; will, therefore, result in a restoring torque about the roll or pitch axis, respectively.

Neglecting all external torques other than 744, Euler’s rigid body equations can be written in the following

scalar form upon expanding I + w* Iw = 7,, and simplifying by assuming small angles and rates:

11(59.1 — (Il — I+ Ig)bdoéég + 4&)8(]2 — 13)(591 =0 (17.5a)
Igdég + 3(.4]3([1 — 13)(592 =0 (17.5b)
1359.3 + (Il - IQ + Ig)bdo(Sél + W(Z)(IQ - 11)593 =0 (175C)

which are the roll, pitch, and yaw equations of motion, respectively.
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Attitude stability

The pitch equation is observed to be decoupled from the other two, while the roll-yaw equations are coupled
and should be studied together. We now apply our familiar tools of stability analysis to assess the spacecraft’s
attitude stability in each direction.

Pitch Stability

From Eq. (17.5b), we have:
73&)3([1 — 13)
I

which was encountered (at times for dw;) in SPIN STABILIZATION and DUAL-SPIN STABILIZATION as well. The

86y = 250, , B% = (17.6)

general solution is:

605(t) = AePt + Be Pt | B3#£0 (17.7a)
605(t) = A+ Bt , B=0 (17.7b)

from which the boundedness of 605 can be deduced:
e if 32 > 0: %' — coast — oo, s0 86, is unbounded.
e if 32 = 0: Bt — coast — 00, s0 80, is unbounded.

o if 32 < 0: €5t = cos(FifBt) + i sin(FiBt) ast — 00, s0 605 is bounded.

4

Thus, pitch stability occurs only when 32 = —3w?(I; — I3)/Iz < 0, which is satisfied if and only if I; > I3.
The pitch oscillation frequency is given by:

I —1I3

02282 = Q=uwy/3
I

(17.8)

where w( depends on the size of the orbit, and the square root term is determined by the spacecraft’s moment

of inertia matrix, I.

Roll/Yaw Stability

From Egs. (17.5a) and (17.5c), we have the following (reduced) linear mechanical system:

MG@+Gq+Kq=0 (17.9)
56 L 0 0 -1 ML — I 0
g2 |t me|! , G- (I~ Do+ I , K2 1270 Wi
363 0 I 10 0 I~ 1,

where M = M > 0,G = —GT, and K = K. As discussed previously, such a conservative gyric system:
e is statically stable if K > 0, satisfied if and only if I5 > I, Is > Is.

* may be gyrically stable even if K # 0, satisfied under certain conditions for I; and I5.
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Combining these results with the I; > I3 condition for pitch stability, we observe that three-axis attitude
stability is guaranteed for I > I; > I3. In other words, a spacecraft with its major axis along the orbital
plane’s normal and its minor axis in the nadir direction is gravity gradient-stabilized.

Note: Even though 74, only acts on pitch and roll, yaw is also influenced owing to the roll/yaw coupling.

To determine the conditions under which gyric stability is achieved (for K % 0), we study the reduced
system’s characteristic equation:
bort + b2 4 by =0 (17.10)

bo2 LIz, by 2 [LI3+3(I— I3) I3+ (I, — I3) (I — I)|wg , bo 2 4(1s — I3) (I — I)wy

We define A £ r2 /w2, and requiring the poles to not be on the right half plane, arrive at the following neces-
sary and sufficient conditions for stability: by > 0, b; > 0, by > 0, and b7 — 4byby > 0.

To better understand this result and also convert it into some conditions for k; £ (I — I3)/1; and
ks 2 (Io — I)/I5, we can divide Eq. (17.10) by I; I3 and make use of the definition of \ above to arrive at:

b pwdr? fqwi =0, pE1+3k +kiks ,q24kiks = XN +pr4+q¢=0 (17.11)

the right-hand side relationship of which is obtained by dividing the left-hand side one by w{. The solutions

of this equation can be categorized as those with real or complex values. For A € R:
e if A > 0, risreal, r = +woV/\, resulting in unbounded exponential growth of §6; or §6s.
e if A = 0, r = 0, resulting in unbounded linear growth of 66, and §6s.
e if A < 0, r is purely imaginary, = +iwyv/—\, resulting in oscillations of §6; and 663 for A\; # \s.

For A\ € C, A ¢ R: we have A = pe', implying VA = \/pe?/2, but —1/2 < 6/2 < 7/2 (considering
6 ¢ {—=,0,7}, as they would correspond to real values of \), which implies v/) has a positive real part, and

r = dwoV, resulting in unbounded exponential growth of §6; or §6s.

Among the above possibilities, the only stable case corresponds to A < 0 with A\; # A5 (since, otherwise,
repeated imaginary poles would result in oscillatory behaviour with unbounded linear growth). This yields
the following stability conditions:

42 _4
r2:wg(¥)<0 = p>—4¢>0, p>0, ¢>0 (17.12)
where the first condition ensures non-repeated poles, while the second and third conditions guarantee —p+
\/p? — 4q is not positive. Returning to the definition of p and ¢ in Eq. (17.11), the following necessary and
sufficient conditions for roll/yaw stability are obtained:

1+ 3ky + kiks > 0 and kiks > 0 and (1 + 3ky + kiks3)? — 16k1k3 > 0 (17.13)

When combined with k; > k3 required for pitch stability (implying I; > I3), these conditions provide the
so-called “Lagrange region” on the k; — k3 stability diagram (with k; > k3 > 0, the same region associated
with static stability), as well as an additional part known as the “DeBra-Delp region” for gyric stability. Such
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diagrams may prove useful for inertia augmentation, which involves designing spacecraft that possess de-

sirable gravity gradient stabilization properties via judicious placement and size of booms with tip masses

in order to modify I as required.

Note: Similarly to the previous cases of gyric stability, the DeBra-Delp
region becomes unstable when damping is introduced, while the La-
grange region becomes asymptotically stable.

We can summarize the roll/yaw stability regions as follow:

» Lagrange region: Iy > I; > I3, a combination of major axis spin
(about i)z, which is almost along 6,) with a favourable (restoring)
TggOWingtok; > 0and ks > 0

e DeBra-Delp region: a combination of minor axis spin (stable in
the absence of damping) dominating over unfavourable 7,4, ow-
ingtok; <0

Note: Gravity gradient stabilization is very coarse, some times to only
within +20°. Active attitude control, to be discussed next, is required
for higher accuracy.
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