AER506 - Fall 2019
B. Vatankhahghadim

Lecture 2

Kinematics

== HIS lesson focuses on how motion and time variations of vectors can be described geometrically,

disregarding any external forces and physical laws of nature. Angular velocity is defined and used
23 to relate derivatives of vectors as measured in different frames that are rotating with respect to each

other. The relationship between angular velocity and various attitude parameterizations is also studied.

Angular Velocity

Consider two reference frames, .% 4 and .% 3, rotating with respect to each other as shown in Figure 2.1a.
Any generic vector, v, could be fixed in either Z 4 or Zp, or it could change in both frames. In each of these
cases, how can we describe the change over time, as seen in either .% 4 or .%g?

Define the time derivative operators (-)® and (-)°, corresponding to the time derivatives as measured in
Z 4 and F g, respectively, to act on the vector v as follows:

d (:1»1 d él
Zi= g | =0, Fp=— |b =0 2.1)
a Fa A3 FB

2
1 9)1
(a) A Vector as Seen in Two Rotating Frames (b) Differential Change of a basis vector of .Z

Figure 2.1: Relating Angular Velocity to Differential Changes of a Vector in Rotating Frames
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We now study how one of these basis vectors, él for example, which is fixed in length, changes as seen in
Z 4: Since #p is rotating with respect to .% 4, assume the rotation can be described with a constant rate of
¢ about the rotation axis, a (recall Euler axis/angle variables from FUNDAMENTALS). Define w £ (jﬁ@.

As illustrated in Figure 2.1b, we have, for the norm of a differential change in élz

|dby | = |by | d¢ = |b,

sin do 2.2)

where él | denotes the component of §1 normal to a, and ¢ represents the angle between §1 and a. From
the definition of w above and noting the unit magnitude of a, we have d¢ = |w|dt, substituting which into
Eq. (2.2) yields:

|db,| = (B |w|sin 6 dt = |w x by| dt 2.3)

Lastly, since dél is normal to both 6.1 and w, itis parallel to their cross product, and from Eq. (2.3) we obtain:

db, . .
S =bl=wxb 24
By repeating the same procedure for 122 and Qs we conclude:
by w x by
Fh= 03| = |wxb| =T =wxTp=>Tp =wxTp (2.5)
b w x by

which is the rate of change of .7 5, as observed in .% 4. Expressingw in ¥, w = w;%‘g, and using wTB%’B X
Z ET, = %‘;wg from the definition of cross product from FUNDAMENTALS, Eq. (2.5) provides a relationship

for angular velocity, as expressed in .#, in terms of the vectrix .# p and its derivative:

Fp =wxFp=TFpwp (2.6)

Angular Velocity and Rotation Matrix

Recall, from the definition of a rotation matrix and its symmetry in FUNDAMENTALS, that:
T T
Fa=CapFp = F,=F5Cpa 2.7

differentiating both sides of which with respect to time, as measured in .7 4, results in (upon evoking 2.1):

0
a7 _ G‘T.C G‘Téf _ g7, x T
2 =7 Cpa+ FpCpa=FpwpCpa+ FpCpa 2.8)

where Eq. (2.6) isused and (-) is the time derivative of a scalar-valued matrix (which is the same in any frame).

We thus obtain “Poisson’s kinematical equation”:
[ % % [ [ T
CBA—‘rwBCBA:O or wg = —CpaCap = CpaCpy (2.9)

which can be numerically integrated to find C(¢) upon measuring w(t), or to determine w(t) given C(¢).
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Note: Recall, from FUNDAMENTALS, that C ~ 1 — 8* ~ 1 — ¢a* for infinitesimal angles. Using this sim-
plification and also assuming 86> ~ 0, Eq. (2.9) reduces to wp =~ 6, which can be integrated directly to

obtain w(t). However, this does not hold for general rotations.

Additivity of Angular Velocity

We now consider three reference frames, namely .% 4, %5, and .%¢, and would like to show that chA +

w98 = W%, where wP4 denotes angular velocity of .75 with respect to %4, and so on. Each of these

vectors can be represented in their respective frame:
%CA — ZT.,CA _'C’B _ T gB LEBA — Tl ,BA 2.10)
From Eq. (2.9), we have:
(WS = CcaCac = (CopCopa) (éABCBC + CABéBC) (2.11)
where compound rotation relationships from FUNDAMENTALS are used. Expanding Eq. (2.11) yields:

(wB)” (wE”)”

(wg?) * = CCMBC + CCB/C/BTLYC'leséBc =Ccp (wB?) “ Cpe +Q€§é§ (2.12)
where Eq. (2.9) is used twice. But we have the following identity mentioned in FUNDAMENTALS:
Cen (ng)X Cpec = (CCngA) "= (ng)X (2.13)
substituting which into Eq. (2.12) produces:
(ng) * = (ng) ¥ (wgB) t = ng = ng + wgB (2.14)

Lastly, pre-multiplying Eq. (2.14) by %"g or expressing each w in its own frame results in:

wiA = WGP + Copwi? (2.15b)

The desired additivity result is achieved in both vectorial and referential forms, expressed via Eqgs. (2.15a)
and (2.15b), respectively.

Vector Derivatives in Different Frames

Recall that when .% 5 has an angular velocity of w with respect to .% 4, the time derivative of each of its basis
vectors, é, ,asmeasured in .7 4 is given by Eq. (2.4), and the derivative of the associated vectrix, also measured
in .% 4, is provided by Eq. (2.5). We now consider a general vector, 7, that is not necessarily fixed in Fp (or
Z 4), unlike l_iz The goal of this section is to relate the derivatives of this vector, as seen in .#5 and .% 4.
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First Derivative

T T . P . . . s
We have r = .% ,r4 = Zprp. Upon differentiating each expression with respect to time in its own frame,

0 0
o _ gl z. T o_ gol .79
T ZM-F{A TA , T 2%4-{3 TB (2.16)
L]

(¢}
where the operators (-) and (-) represent (analogously to (-)® and (-)° for vectors) the derivatives of column

we obtain:

matrices, as observed in .% 4 and .% g, respectively. But T4 = r sand g = r B, because they have scalar
components and the effects of reference frame have already been extracted via the vectrices .#4 and 5.
We can, thus, rewrite Eq. (2.16) as:

° T

C:

<Se

A, r0= ?BTEI)’B = %\BT"."B 2.17)

=

N

A

Starting fromr = .7 ;r B, we differentiate with respect to time once again, but now as observed in .7 4:

wx Fp 1 r
71.:%1,7“34-3‘ s = w X ZiFp (2.18)

where Eq. (2.5) is used for .% éT, and the right-hand side equality of Eq. (2.17) is used to replace the second
term, also noting that .% ;r B = 1 holds by definition.

To obtain a similar result to Eq. (2.18) in referential (as opposed to vectorial) form, we make use of the
left-hand side equality of Eq. (2.17) and recall w = wTBéf B to rewrite Eq. (2.18) as:

%\AT;AZWTB%\BX,?;TB—F%\;'I’"B:%\; (’I.”B—F(.UE'I‘B) (2.19)

where the definition of cross product from FUNDAMENTALS is used. Lastly, pre-multiplying (scalar) Eq. (2.19)
by .7 4 yields:
- Cas

FaTa ¥a =TT, (Fp + wirp) (2.20)
where the definition of rotation matrices from FUNDAMENTALS is used. We thus conclude from Egs. (2.18)
and (2.20) that the derivative of a vector (and that of its scalar representation) as measured in .% 4 is related
to its derivative (and that of its scalar representation) as seen in .5 (which is rotating at w with respect to
F 4) as follow:

= 7:0 +wxr (2.21a)
A=Cap (Tp+wirp) (2.21b)
The relationships in Egs. (2.21a) and (2.21b) are known as the vectorial and referential forms of the “trans-
port theorem”, respectively. If, for example, r represents a position vector and . 4 is a non-rotating inertial

frame, these relationships describe the corresponding velocity vector in the inertial frame, in terms of the
motion observed in the rotating non-inertial frame, .% 5.

Note: if w = 0, which would imply Zp is also an inertial frame, Eq. (2.21a) simplifies to r* = r°. In other

words, it would no longer matter in which one of the two frames the changes are measured.
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Second Derivative

Recursive application of the first derivative described above could be used to determine how to relate the
second (or higher) derivatives as seen in two frames, .% 4 and .% g, where the latter is rotating with respect to

the former with angular velocity w. We have:
,,,oo _ (,’:o)o _ (T,O +"_‘f % C). _ (to). +(-g. X T,+‘f x ’I_"'. (222)

where Eq. (2.21a) is used once. Using the same equation two more times (once for 7* and once for (7°)*®),
0
and noting that w® = wW° + W %= w° results in:

T = W X 2w X w X (WX ) (2.23a)
.’r'.A =CugB <.’l".3 + ‘:)ET'B + QQJE,’;‘B + WEWETB) (2.23b)

which are the vectorial and referential forms of the second derivative as measured in .% 4, in terms of the
motion in #p. Once again, if r represents a position vector, these relationships describe the associated
acceleration. Following the first term on the right-hand of Eq. (2.23a), the second, third, and fourth terms

are called “tangential”, “coriolis”, and “centripetal” accelerations, respectively.

Relating Angular Velocity to Attitude

With a definition of angular velocity at hand, we now examine how to determine the attitude of an object
using the various representations discussed in FUNDAMENTALS in terms of the w(¢) history, or vice versa. To
this end, we consider, once again, .% p rotating with respect to .% 4 with an angular velocity of w, and revisit
the different parameterizations from which C' = C'g 4 could be determined.

Angular Velocity and Euler Angles (0, 0, 05)

Recall that using Euler angles, C = C,(03)C3(02)C(61) for o, 8,y € {1, 2, 3}. Using Eq. (2.9), we have:
w* = -CC" =~ (€,C4Ca +C,E4Ca + C,CC.) CLOLC) (2.24)

which, using orthonormality of a rotation matrix, CC T = 1, can be expanded and simplified as:

—(6s1,)"  —(fa15)" —(0114)"
WX — _M— CWMCJ - chﬁwcgcl (2.25)

where1; = [100]",1, = [010]",and 15 = [0 0 1]", and the fact that the angular velocity about a fixed axis,
a, is given by w = fa is used. Lastly, making use of the identity (Cu)* = Cu* C" from FUNDAMENTALS,
and equating the terms inside the (-)* in both sides, Eq. (2.25) implies:

w =631, + C. 15+ C,Cyby1, = S(03,0,)0 (2.26)

where 8 £ [03 6, 6,]" and S 2 [1, C,13 C,Cjl,]. Inverting Eq. (2.26) provides & = S~ (63, 6»)w that
can be numerically integrated to determine the attitude at each time.

50f7



LECTURE 2. KINEMATICS

Note: The singularity issue with Euler angles manifests itself, once again, in singularity of S. For example,
for a 3-2-1 rotation, f; = 7/2 would result in a singular S for which S~! is no longer defined.

Note: Refer to Table 2.2 of Spacecraft Attitude Dynamics for all 12 inverse matrices, S, each corresponding
to a different Euler angle sequence.

Angular Velocity and Euler Axis/Angle Variables (a, ¢)

Recall that using Euler axis/angle variables, C = cos ¢1 + (1 — cos ¢)ddT — sin pa*. Using Eq. (2.9) and
after algebraic manipulations that are omitted here for brevity, we will eventually obtain:

w = ¢a — 1- cos(qﬁ)]dxzz + Sin((;ﬁ)(,z (2.27)
which provides w in terms of & and . Pre-multiplying Eq. (2.27) by a' yields:

L5 I 1ld-
1 a*a=0 _2at?
T s AT

a'w=¢(@a) - [1—cos(¢)] (@ a%a) + sin(¢) ,%i; = d=aw (2.28)

where the scalar triple product identity and the constant unit magnitude of a are used for simplifications.
Pre-multiplying Eq. (2.27) once again, but this time by a*a* results in:

a*a*w = da*a a — [1— cos(¢)]a*a*a*a+sin(¢)a*a*a (2.29)

— 2.30)

Xgx g = [aaT ~ (ATa)qé - a%—
substituting which back into Eq. (2.29), as well as Eq. (2.27) premultiplied by a*, yields:

a“a*w = [1 - cos(¢)} G — sin(¢)

a (2.31a)
a

e Qe

a*w = [1—cos(¢)]a+sin(¢)a* (2.31b)

subtracting the second one of which from the first one, and multiplying the result by sin(¢)/ [1 — cos(qb)] =
cot(¢/2) yields a upon rearranging. Given w, this result and Eq. (2.28) provide the relationships necessary

for determining the derivatives of the Euler axis/angle variables:

° 1 .
a= 5(&X — cot gdxdx)w L p=a w (2.32)
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Velocity and Euler Parameters (Quaternions) (e, )
Recall that using quaternions, € = dsin(%) andn = cos(%), we have C = (2 — €' €)1 + 2ee' — 2ne*.

Having previously looked at @ and ¢ above, we can use the quaternions’ definition to find their derivatives:

cos(%)

Qe

&= sin(%) + %d cos(g)é =

N —

[dx sin(%) - dxdxcot(? 1n(§)]w + - cos(g)ddTw (2.33)

DN | =

where both parts of Eq. (2.32) are used. Upon gathering the like terms, Eq. (2.33) becomes:

E:%{(si Ja) +cos(§)(d& a )}w = EZ%(EX—FU].)LU (2.34)

where the identity from FUNDAMENTALS for a*a* (also used in Eq. (2.30)) is employed. Repeating the dif-
ferentiation for  and making use of right-hand side of Eq. (2.32) results in:

= 1 sin(?)d) = —lsin(?)dTw = n= —%eTw (2.35)

The derivatives of the quaternions in terms of w are provided by Egs. (2.34) and (2.35). To obtain w in terms of
€ and 7 and their derivatives, one approach is to invert Eq. (2.34) (using Cramer’s rule for an explicit inverse),
which eventually yields:

7?1 —neX + €€

w=2] e (2.36)
Ui
Note: For an alternative approach of determining € and 7 in terms of w and vice versa, using w = —é’CT,

refer to Section 1.4.3 of Spacecraft Dynamics and Control: an Introduction.

Angular Velocity for Infinitesimal Rotations

As discussed in FUNDAMENTALS, for very small rotation angles andrates C ~ 1 — 0 ~ 1 —¢a* ~ 1 — 2€*.
Generalizing this relationship with the notation C' ~ 1 — a*, where a € {0, ¢a, 2¢}, the angular velocity
relationship from Eq. (2.9) becomes:

. ~0
wi=-CCT =~ (=&")(1-a") = &% +&xa (2.37)

)
~ 2€.

Qe

[ ]
from which we conclude that, for infinitesimally small angles and rates, w ~ 0 ~ ¢
Note: A summary of attitude parameterizations, including alternative sets that are not discussed in this

course, is provided in Table 2.3 of Spacecraft Attitude Dynamics, along with the C' and w associated with
each parameterization.

7 of 7



	Kinematics

