AER506 - Fall 2019
B. Vatankhahghadim

Lecture 3

Dynamics

with continua of point masses that closely resemble a rigid body.

Dynamics of a Point Mass

Consider a body of mass m, as shown in Figure 3.1, with an infinitesimally small size,
relatively speaking, that can be represented by a point mass. Although planets are
not particularly small, they could be approximated as point masses in the large scale
of the solar system. Consider, also, an inertial frame, .%;.

The relationship between acceleration (2" derivative, as seen in .%, of the po-
sition vector of the point mass, ) and an external force, f, is readily provided by
Newton’s 2" law:

Figure 3.1: Point Mass

f=mr* (3.1

where (-)® denotes vector derivative as measured in .%, and 7 is the absolute position of the mass, from the
origin of %, O;. We also define linear momentum, p, and relate it to force as follows:

p=mr® = f=p° (3.2)
where, once again, 7 is the position from O;. Now, consider an arbitrary point, O, which may or may not
coincide with O;. Both force and momentum are independent of O, but angular momentum is not: we

define absolute angular momentum (or moment of momentum) about point O, as follows:
Ho2pxp = Ho=mpxr*=mpx (ro+p)  =mpxrs+mpx p* (3.3)

where 7 is the absolute position of O (with respect to O;), and p is the relative position of the point mass
with respect to O. Lastly, we define (relative) angular momentun; about O and relate it to absolute angular
momentum as follows:

I}Oémexe' = Ho=mpxry+ho (3.4)
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The distinction between H o and ho vanishes if O is inertially fixed (in which case r3, = 0), orif O = Oy (in
which case p = r). In this course, we will only deal with one of these special cases, so henceforth, angular
momentumqas defined in Eq. (3.4) will only be used.

The kinetic energy of a point mass is provided by T' = %mg Y= %m'g' -1*, and is also a useful quantity
when studying motion, such as in a Keplerian orbit with a constant total energy.

We can also express all of these physical quantities in their referential form in .%;:

[x) ° ° 1 oT e
fr=m¥r . pr=mtr . ho,=mpip; , T =gmii

Note: 1f the components of each vector are to be expressed in a non-inertial reference frame, .% 4, the refer-
ential form of the transport theorem, presented in KINEMATICS and involving the rotation matrix, must be

used: for example, for .7 4 rotating with an angular velocity of w with respect to .%;, we have p; = mry =
mCra (7'34 + wf‘rA) for linear momentum.

Dynamics of a System of Point Masses

Consider a collection of NV distinct point masses as shown in Figure 3.2, each with
mass m;, and let f, ; represent the internal force on m; exerted by m,. Also, let f,
denote the exterI;al force on m;. In addition, consider an inertial frame, .%;, al;d
let r; denote the position vector of each mass with respect to the origin, Oj;.

Applying Newton’s 2" law, first for each mass and then considering all

masses, results in: .
Figure 3.2: System of

Point Masses

(3.5)

where cancellation results from Newton’s 3 law, noting that f, i=—F

Definition. The centre of mass of a system of particles is located at rg@, which satisfies the following rela-

tionship:

N N ZN e
A i=1 3K
m; |Te = mre = m;r; = reg=———m-—- 3.6
(;_1: z) T T ;_1: iTi =T (3.6)

where m £ Zfil m, is the total mass of the system.

Using Eq. (3.6) and defining f

rewritten as:

£ Zfil f, as the total external force on the system, Eq. (3.5) can be

exrt

mre = f‘mt (3.7)

which is analogous to Eq. (3.1) for a single point mass. Defining p £ Zf\il P, as the sum of the point masses’
linear momenta, we have:

py=mir; = p=mrg = fe, (3.8)

which is analogous to Eq. (3.2) for a single point mass. Considering an arbitrary point, O as shown in Fig-
ure 3.3, and defining H o = vazl p; X p; (Where p, is the relative position of the i" mass with respect to O)
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as the sum of the point masses’ absolute angular momenta about O, we have:

N N N
Ho, =pixp; = Ho= Zmiei x (ro +Bi). = (Zmlel) XTH +Zmi&- X 82. (3.9)
i=1 i=1

# i=1
where r is the absolute position of point O (with respect to Oy).

Definition. The first moment of mass of a system of particles about point O is defined as:

N

co £ Zmzel = mp (3.10)
i=1

where m £ ZL m; is the total mass of the system, and pg is the relative position of its centre of mass with
respect to O.

Note: The first moment of mass about the centre of mass is zero, because cg = Zfil mi(ri —r@) =0

=

based on the definition of centre of mass from Eq. (3.6).

Lastly, we define (relative) angular momentum about O, and using Eq. (3.10), relate it to absolute angular

momentum as follows:
N

@oéZmieixB; = Ho=coxrp+ho (3.11)
i=1

which is analogous to Eq. (3.4) for a single point mass. Thus, absolute angu-
lar momentum consists of contributions from angular momenta of each point
mass in the system about O, as well as a contribution from motion of O. The
distinction between H o and ho vanishes if O is inertially fixed (in which case
1y = 0),if O = Oy (in which case P = 1), or if O = & (in which case cp = 0).
Once again, we will only focus on (relative) angular momentum as defined in

the left-hand side relationship of Eq. (3.11). Figure 3.3: Centre of Mass
We continue our study of system of point masses by differentiating angular and Arbitrary Point O
momentum with respect to time:

N 0 N N
B = > mi(ptptE p % pl*) = > pix (mirt*) = (Do mip,) x 18 (3.12)
i=1 =1

=1

where p; = r; — ro is used. Using Eq. (3.10) and the left-hand side relationship in Eq. (3.5) for m;r;*

LR

Eq. (3.12) can be rewritten as:

N N N
ho =D pixfit > D pixfi—coxty 613
i=1 i=1 j=1

where the middle term on the right-hand side vanishes if we assume f; acts along p; — p; (which is the case

for gravitational forces, for example) and evoke f,;; = —f,:
N N 1 N
ZZ&'XL‘J‘:§ (i x fij —p; x £i;) =0 (3.14)
i=1 j=1 i=1 j=1
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which is known as the “strong version of Newton’s 3™ law”. Rearranging Eq. (3.13) upon applying Eq. (3.14)
yields the following relationship for external torque about point O, To:

—

N
éz X fi=hd+coxry (3.15)

The second term vanishes for the aforementioned special cases: if O is inertially fixed (in which case ¢, = 0),

=

or if O = &. Therefore, for torque about the centre of mass, we have:
he =To (3.16)

which is the rotational analogue of the force and linear momentum relationship in Eq. (3.8).

System Dynamics in a Rotating Frame

Suppose we have another reference frame, .#p (such as one attached to a spacecraft’s body), rotating with
angular velocity w with respect to an inertial frame, .%;. In order to express the force/torque relationships
studied thus far in terms of time derivatives as measured in .% 5, denoted by (-)°, the transport theorem for
first and second derivatives of vectors, presented in KINEMATICS, is required. For example, Eq. (3.8) can be
expressed in terms of the dynamics observed in .% g as follows:

p°+exp=m(£$’+2exzé+%° X T +w X (uzxm)) = feut (3.17)

—

In a similar manner, 7 can also be expressed in terms of h¢, and w.

Dynamics of a Rigid Body

We now consider the limiting case of a system of point masses, with N — oo,
where we have a continuum of mass m as opposed to a discrete system. Inte-
grals and differential quantities replace summations and indexed variables. As
in Figure 3.4, consider an inertial frame, .%;, and a body-fixed frame, .# 5 with
arbitrary origin O, and let the position of a differential mass element, dm, with
respect to the origin of these frames be denoted by r and P respectively.

Definition. A continuum of point masses is a rigid body if the distance between Figure 3.4: Rigid Body with
any of two points within the body remains fixed. In other words, p° = 0, as Frame 7

-

measured in .%g.

Integrating Eq. (3.1), valid for dm = o(p)dV (where ¢ and dV represent density and differential volume,
respectively) over the body results in:

o fffeme fffrnna o gt fffgon- frn

Letting 7@ represent the position of the body’s centre of mass, the continuum analogue of Eq. (3.6) is pro-
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vided by:
Jrdm
(/dm)gesz@:/gdm = g@émm (3.19)
m m
We also obtain a continuum analogue of the body’s first moment of mass about point O for later use:
co £ /E dm = mp (3.20)
m

where pg is the relative position of the centre of mass from point O.
Using Eq. (3.19) for centre of mass, Eq. (3.18) can be rewritten as:

m”:é. = fe:zct (321)

This relationship implies that, in translation, any continuum of point masses (not just rigid) acts identically
to a point mass (located at r@) if all mass of the body were concentrated at its centre of mass. This will be
useful for studying two-body problems involving a spacecraft and a planet, where we will treat the spacecraft
as arigid body with mass m at rg.

Assuming .# g is rotating with respect to .%#; with an angular velocity of w, angular momentum in Eq. (3.4)

can be integrated over the volume as follows:

0
ho £ ///@(e) dv = ///exe'a(e) dv = /ex(ﬁy"—i—gxe) dm = ho = —/ex(excg) dm é@-ag
\4 \4 m

m
(3.22)
where J is a second order tensor (a “dyadic”), the scalar product of which with a vector is another vector.
Expressing the vectors in %5, namely using hp = 7, rho, p = Z ~p, and w=Z ~w (where we drop the ‘B’

subscript of the column matrices to avoid clutter), the following referential form of Eq. (3.22) is obtained:

ho = —/pxpxw dm £ Jw (3.23)

m

Definition. The second moment of mass (or moment of inertia) matrix of a body about point O, given some
body-fixed frame, .% 3, is defined as:

J & 7/pxpx dm = /// {(pr)l — ppT]a(p) av (3.24)
m v

where an identity for a*b™ (for generic a and b) from FUNDAMENTALS is used.

Note: If O = &, we label J = I, since such a moment of inertia matrix provides simplifying consequences.
Moving forward with our study of rigid bodies, based on Eq. (3.15) for a system of point masses and using
Egs. (3.22) and (3.20), we have:

Zoé///gxf(g)dV:@'o+goxg'o‘ (3.25)
7
Focusing on the case with O = @ (for which cg = Q), Eq. (3.25) can also be expressed in terms of the motion
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observed in .% g, rotating at w with respect to .#:
hy = hg +w x he = g (3.26)

where the transport theorem from FUNDAMENTALS is used. Lastly, resolving all vectors in .# g as before, and
noting that hg = Iw from Eq. (3.23), “Euler’s rigid body equations” are obtained from the referential form
of Eq. (3.26):

IO+ wIw="Tg 3.27)

Together with Poisson’s kinematical equation from KINEMATICS, é’ Br = —w*Cpy, Eq. (3.27) fully describes
the rotational motion of a rigid body, and the two sets of equations can be integrated as a coupled system in

order to determine the attitude of the body over time.

Properties of Moment of Inertia Matrix

Second moment of mass (or moment of inertia) matrix of a body about point O, J as defined in Eq. (3.24),
depends on the reference frame, .% 5, but it has rotational and translational transformation properties that
permit one to obtain the new J resulting from rotating or translating the reference frame. Regardless of the

reference frame choice, J is always symmetric (J = J T) and positive-definite @' Jx > 0forallx # 0).

Rotational Transformation

Consider two body-fixed frames, .% 4 and .% g, that share the same origin, O, but are
rotated relative to each other, as shown in Figure 3.5. Let C g 4 represent the rotation
matrix from the former to the latter, and let J 4 and J g denote the moment of inertia

matrices corresponding to each frame.

The relative position of each point within the body with respect to O can be ex-

Figure 3.5: Rotation

pressed in both frames as:
b= Fioa= Zios B2

using which together with Eq. (3.24) for moment of inertia gives:

Jp = —/pgpg dm = 7/(CBApA)X(CBApA)X dm (3.29)

m m

but (Cpap,) ¥ = Cpap’C ap from KINEMATICS, substituting which into Eq. (3.29) yields:

1
Jp=— /CBAPWECAB dm =Cpa ( - /mefx dm) CaB (3.30)

m

where orthonormality of a rotation matrix is used. We thus have the following rotational transformation for
moment of inertia:
Jp=CpaJaCyup (3.31)

Note: In fact, this relationship holds for any dyadic, and is a generalization of up = Cp4u4 for column

matrices.
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Translational Transformation

Consider two body-fixed frames, .% 4 and .% g, that have their bases vectors ori-
ented parallel in pairs, but with Op translated to a relative position of 5 4 from
O 4, as in Fig. 3.6. Let p 4 and pp represent the relative position of each point in
the body with respect t_(; Oa an?l OB, respectively, such that Pp = P~ T.BA.

Using Eq. (3.24), we have:

Figure 3.6: Translation

JB:—/pépé dm:—/pipi dm+/rf%pj1 dm+/p§r,§Adm—/r§Ar§A dm (3.32)

m m m m
which, using Eq. (3.20) for first moment of mass about point O 4, can be rewritten as:
Jg :JA+7'§AC§A +céAr§Afmr§Ar§A (3.33)

which provides the translational transformation for moment of inertia, namely the “parallel axis theorem”.

Note: If O 4 = & (F 4 placed at the centre of mass), then co,, = 0, J4 = I 4, and Eq. (3.33) reduces to:
Jp=Is—mrjr5, (3.34)

which describes the changes in moment of inertia when the reference point is off-set from the centre of mass.

Diagonalization

Since J is a symmetric matrix, the moment of inertia matrix corresponding to any body-fixed frame, %,
can be diagonalized as J 3 = EAE ', where A is a diagonal matrix of eigenvalues, each of which is called
a “principal moment of inertia”; and F is a matrix with eigenvectors as its columns, each of which describes
the coordinates (in .# ) of the basis vectors that define the so-called “principal axes frame”. We call A = J p
the diagonal moment of inertia matrix corresponding to the principal axes frame, and using Eq. (3.31) to

move from %5 to .%p, we have:
EilJBE:AEJp:CPBJBCBP (3.35)

which shows that E is, in fact, a rotation matrix. When studying rigid body motion, choosing .#p with its
origin at the centre of mass results in some simplifications: for example, owing to the diagonal nature of
I, Euler’s equation in Eq. (3.27) can be written as three simple scalar equations, each corresponding to one

component of torque:
Ly + (I3 — I)waws = 11 (3.36a)
Iowsy + (Il - 13)001003 =T (3.36b)
Isws + (I — I )wiws = 73 (3.36¢)

where I3, I, and I3 are the principal moments of inertia.
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